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TIMELIKE  INITIAL  VALUE  PROBLEMS  FOR 
HYPERBOLIC  EQUATIONS:  II 

I.  INTRODUCTION 

This  is  the  second  part  of  our  study  of  timelike  initial 
value  problems  for  linear  hyperbolic  equations.   In  the  first 
part    the  well-known  "improperness"  of  such  problems  was 
discussed  and  ^  method  for  obtaining  solutions  which  depend 
(Lipschitz)  continuously  on  the  initial  data  was  described.   In 
order  to  nccomplish  this  we  assumed  that  the  Fourier  transforms 
of  the  initial  data  with  respect  to  the  space  variable  (x)  had 
compact  supports.  Such  data  are  called  x-bandlimited. 

In  this  report  we  obtain  similar  results  under  less  stringent 
assumptions  on  the  initial  data.   More  precisely,  we  shall  replace 
x-bandlimitedness  by  an   assumption  on  the  growth  at  infinity  of 
the  Fourier  transforms  of  the  data  with  respect  to  the  space 
variables.   Our  new  results  contain  the  previous  treatment  of  the 
problem,  and  are  qualitatively  "best"  in  a  sense  we  shall  make 
precise  later. 

As  before  we  reduce  the  problem  by  the  method  of  Fourier 
transforms  to  the  study  of  the  associated  ordinary  differential 
equation.   The  properties  of  the  solutions  to  this  equation  are 
then  investigated  by  means  of  energy  inequality  methods.   The 
integral  equation  techniques  used  previously    do  not  appear  to 
be  powerful  enough  for  our  present  purposes. 

The  writer  wishes  to  acknowledge  his  good  fortune  in  being 
able  to  discuss  these  and  related  problems  with  Professor  P.  John, 
Professor  J.  Moser  and  Dr.  Stanley  Kaplan.   Dr.  Kaplan  made 
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several  helpful  suggestions  in  connection  with  the  application 
of  the  energy  inequalities. 

II.  STATEI'iENT  OP  THE  PROBLEM  AND  THE 
i'lAIH  RESULT 

As  in  Part  I    we  consider  first  solutions  of  second  order 

hyperbolic  equations  of  the  form 

(1)     a(y)Utt  =  ^(y)^xx  "^  "^yy  '      ^^^^ '    ^^^^    ^  °  ' 

which  are  twice  continuously  dif ferentiable,  with  initial  d-^ta 

u(t,x,0)  =  f(t,x) 
(2) 

u  (t,x,0)  =  g(t,x) 

given  on  the  timelike  manifold  y  =  0.   For  our  present  work  it  is 
sufficient  to  assume  that  a(y)  and  b(y)  have  continuous  derivatives 
in  some  finite  interval  0  <  y  <  h. 

For  0  <  y  <  h,  let 
a  =  mln  a(y)  ,  a  =  max  a(y)  ,  a'=  max  |a«(y)l 
b  =  min  b(y)  ,  b  =  max  b(y)  ,  b'=  max  |b'(y)| 
and 


(3)  a  =  h[2ab  /a  -  b] 


Ve  define  classes  of  functions  E   (t,x),  e    (  e  ,  '--^^  ),  m,n 

m,n        m,n 

positive  integers  (m  <  2)  and  a  defined  by  (3)  as  follows  : 
The  function  h(t,x)  ^  E^  r,^**^)  ^^ 
(a)   h(t,x)^  L*'^  (-co,oo)  (that  is,  h(t,x);i  L^C-oo  ,oo  ) 

with  respect  to  both  t  and  x).   Therefore,  the  Fourier 
transform  H(  T  ,  iJ  )  of  h(t,x)  satisfies 
H(  T-  ,  c^  )  C  L  J  '  ""^  ( -00  ,  00  ) . 
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Moreover, 

(b)  ir"^  H(  r  ,  C-^)  o  L2  ,  for  all  ^ 

(c)  0%^'^'  H(  C  ,  C^  )  £  1^1  ,    for  all  T7  . 

The  collection  of  such  H(  "C  ,  u^' )  itill  be  denoted  by  e   {    ^  »  ^  )• 

'  ''      m,n    ' 

The  function  u(t,x,y),  defined  in  the  region 

R(h)    =    i   (t,x,y)    :    -00  <  t,x  <  00  ,      0  <  y  <  h   |      , 
vjill  be   said   to  belong   to  E_       (t,x,h)    if  u(t,x,y)GE        (t,x), 
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for  all  y  in  the  interval  [0,h],    and,  in  addition,  if  u  <E  C  (y) 


(twice  continuously  differentiable  vith  respect  to  y). 

Note  that 
CD  )  ,  and 


E°   (t,x)  =  lJ'^  (-0Q00  ),  e°   (  r  ,  ^'  )  =  lJ  '^{-cd. 


vc 


B(x,C^^)C  E^  ^(t,x)  C  L^'^( -00,00  ) 

O        I'i  •  xx  C. 

In  fact,  replacing  the  real  variable  x  by  the  complex  variable  z, 

VQ   recall  that  B(z,  C^'  )  consists  of  functions  f(t,z)  phlch  are 

2 
in  C  (t)  and  entire  analytic  in  z  of  exponential  type  i-^    ,   while 

the  functions  h(t,z)  S  E^'  (t,s)  are  C  ^(  t )  (m  =  0,1, 2  )  and 

'      m,n  *  ' 

analytic  in  2  for  | In  z |  <  a. 

I'e  can  now  state  the  main  result: 


Theorem 


1:   Let  f(t,x)  e  E.  ^(t,x),  g(t,x)  .-  S^  ^  (t,x),  vhere  a 

—  '^  »^  1  »1 


is  given  by  (3)»  Then  the  improper  problem  (1),(2)  possesses 
a  solution  u(t,x,y)  in  the  region  H(h)  satisfying 
(i)    u(t,x,y)  €   El°^  {t,x,h) 

t  X 

(ii)   u(t,x,y)  is  unique  in  Lp*   (-00,00) 


The  class  B(x,  Co  )  of  bandlimited  functions  and  their  Fourier 
transforms  (5^  (  ^'  ,  -.'  )  are  defined  in  Part  I  '■■'■■'. 
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(iii)   u(t,x,y)  depends  Lipschltz  continuously  on  f,g  in 

t  X 

the  Lp'   norm  uniformly  for  0  <  y  <  h. 

III.   STUDY  OP  THE  REDUCED  EQUATION  AND 
THE  PROOF  OP  THEOREM  1 

As  in  Part  I    we  begin  by  investigating  the  behavior  of 
the  solution  to  the  reduced  ordinary  differential  equation 
associated  with  { 1) , (2)  : 

ik)        iii5_iJdxli_    +  p(  r  ,  a.'  ,y)  u(  -r  ,  uj  ,y)  =  0 

U(  T   ,  CJ  ,0)    =  P(  r  ,  .:J  ) 

<5)       du(  T  ,  c^  ,0)    =c.(r  ,c^)  , 
dy 


where 


p(    ^   ,H  y)   =   a(y)i:  ^  -  b(y)  CJ^ 
p(r,CJ)=^J/      f(t,x)e-^(^^^^*)dxdt 

-00 
00 

dxdt 


-00 


GC-,CJ)  =  ^   //^  g(t,x)e-i(^^^^*)d. 
and  formally 


(6)  U(T,C>J,y)=2^  \J      u(t,x,y)e"^^'^  ''■'  '^*^dxdt  . 

-co 

^■^e  think  of  "C  ?^nd  <^-^  as  parameters  in  (I|-),(5)  and  obtain  estim- 
ates  for  |u(  'l  ,  c^'  ,y)  |  ,  as  a  function  of  T  and  c-^  T.'hen 
0  <  y  <  h,  by  me^ns  of  a  simple  energy  inequality, 
^frite   '  ■ 

(7)  -(r,cJ,y)  =  (|,(T,LJ,y)[U-  (t  ,(J,y)]2+  [^iL>l2yI]2/^(r,u.,y) 

dy 
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where  ({>  £  C  (y)  isanowhere  zero  function  to  be  specified  Ister. 
Then  using  (I).)  ve  have 

W«  =  2UU'((1>  -  p/4)  +  (t'dJ^  -  U«^/(i>^) 
(primes  denoting  differentiation  with  respect  to  y),  so  that 

h"l  <  l(4u^-  u'2/cf)(<|.  .  p/^)|  +  i^n^v^  -  U«Vcl>)/(|.| 

Therefore, 

y 

(8)  M  <  h(X  ,(J,0)|exp5  1  j  U  -  p/d-l  +  (4'/(|)I  ]  dy  , 
where,  using  (5), 

Prom  (7)  and  (8)  it  follows  imraediately  that 

Iu(T,cj,y)|2  ^  I  |p(^^^^,2  ^  |G(r,cj)/cl,(r  ,cJ,o)|^J  . 

(9)  ■ 

.  exp  {  j  {  U  -  p/li  +  U'/il  i  dy  I   . 
o 

^•^e  now  make  three  explicit  choices  of  the  function  ^{   L  , '^ ^j) 

depending  on  the  values  of  the  parameters  (-  and  '^^  • 

Case  I  :   Suppose  -oo  <  ^  <  1,   -  oo  <  '^^'  <  co  .  Then 

_  __    o 

(10)  -00  <p<a,|p|<a  +  bL.J. 

~        1 

In  this   case  loe  choose   (()  =    (a  +  b  w     )      ,    so   that    (9)    becomes 
i2    _     (   ,„,^     ,  .  .  t2    .    ,-    .   -,  .2,-1 

-y 

1    o  1 

(11)  <  I  iPr  +   (a  +  ba>'-)-"|Grj  e^^^         e 


l^i^  ,^,y)r   <    )    IpC^  ,'-')r   +    (a   +  hU^)'^    |G(t,U)r  j   • 

.   exp5  2  C      (a  +  huj^)^  dy  } 
1   o  1  -^ 

<  i„i2        ,-    .   T-,, 2,-1.    ,2;     2ha  ^       2hb  ^    \  UJ  \      . 
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Case   II    :        Suppose  l<L<co,\=T/uJ     >  2b/a   •     Then 

(12)  CJ^  <  I    ^^  a/b      ,      0  <  a/2  <  a  T^/2  <[a(y)-b(y)a  /2   b]t^<p. 

^  1 

In  this  situation  we  take  (j>  =  p   and  obtain  from  (9) 

(13)  |U(i:,(J,y)|2  <  C  |p(2  ^  p-l|^|2^;  exp  5  I  j   Ip'/pldy]  . 

Now  for  the  values  of  X  under  consideration  here 

pi/p  =  a'(y)X  ^  bt(y) 
a(y)X  -  b(y) 

is  an  analytic  function  of  X  Thich  takes  its  maxiiuum  either  at 
the  smallest  allowable  value  of  X(2b/a)  or  at  X  =  oo  ,  depending 
on  the  signs  of  a'(y),  b'(y).   These  two  possible  maximum  values 
are  bounded  by 

2  P'/a  +  Wb   ,   and  aT/a   , 

respectively,  so  that  in  any  event 

Ip'/pl  <  2  rf/a  +  b^/b  =  A   • 

Therefore  we  have  finally  from  (13)  that 

(11^.)   |U(T,tJ,y)|2  ^,^,^,2  ^  p-l  j^|2j  ^h/\  /2  ^ 

Case  III  ;   Suppose  1  <  ^  <  co  ,   X  <  2b/a  .  Then 

(15)    IpI  1  (2  a  b/a  -  b)  oJ^   ,    c.^^  >  T  ^  a/2  b  >  a/2  b   , 

and  consequently  I CJ |  is  bounded  away  from  zero.   Here  we  choose 

1 
4  =  (2  a  b/a  -  b)^  |  O  | ,  x,,hich  on  substitution  in  (9)  yields 

|U(X  ,W,y)|2  <  .[  |pl2  +  [(2  i  b/a  -  b)  .j^]-^  IgI^  j   . 

2h(2  a  b/a  -  b)*^  \'jJ  \ 
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Collecting  our  estimates  (11),  (II4.)  and  (16),  which  exhaust 
all  possible  values  of  '^   and  oj  ,  and  defining  a  as  in  (3)  we 
obtain 

(17)   |u(r,CJ,y)|2  <  c  |?(X,.^)|2e2^''^'  4-  q|G(T',CJ)|2e2^l'-l  , 


where  the  constant  c  is  given  by 

,,Q.  C  2hi:^^^    hA/2  7 

(18)  c  =  max  j  e       ,  e      j 

1 

and  the  function  q  by 

(19)  n  =  e^^^"^^^  ^^  "^  b '-/)"-^  <  e^^^   /a   ,   for  Case  I 

(20)  q  =  e^/^  /2^aT^/2]-l  e'^^'^"  '  <  2e^/^  ^^  /  a   ,  for  Case  II 

(21)  q  =  [(2a  b/  a  -  b)  CJ^]""^  <  [I  -  a  b  /  2  b]""'-  ,   for  Case  III. 

The  inequalities  in  (20)  and  (21)  are  obtained  directly  from  (12) 
and  (l5)»  respectively. 

The  inequality  (17)  provides  the  basis  for  the  proof  of 
Theorem  1.   Indeed,  since  we  have  assumed  that  f^E        tt,x;, 

geE^  -.{tfX),    it  is  clear  from  (17)  that  U{^   /-^y)  ^  Lp^  ' 

t  X 
and  hence  u(t,x,y)  ^-   Lp    '      ,  for  0  <  j  <  h.      Thus  the  formal 

Fourier  transform  procedure  is  justified  and  u(t,x,y)  defined  by 

(6)  does  in  fact  provide  a  solution  to  (1),  (2),  since  U(  r  ,CJ,y) 

satisfies  (i;),  (5).   Since  the  classical  theory  of  ordinary 

differential  equations  guarantees  that  U(r,(^'',y)  and  therefore 

2  2 

u(t,x,y)  belong  to  C  (y),  it  is  necessary  only  to  show  that  UJ    U, 

T  U  s  Lp  *    in  order  to  complete  the  proof  of  part  (i)  of  the 

theorem. 

Because  of  the  assumption  that  f^E^  2^**^^  ^*  ^^  clear  that 
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no  difficulty  can  arise  from  the  first  term  in  (17)«   However, 

a 
since  we  have  assumed  only  that  ge  E    (t,;c),  it  is  necessary  to 

2        2  2    2 

show  that  iJ    q  and  T  q  are  bounded  as  •■..)  ,  l   — >  cd  .   Once 

again  we  consider  Cases  I, II, III  separately. 

In  Case  I  it  follows  immediately  from  (19)  that 

.1/2  _  2 

C)  q 


,2     2ha   /  b    as  (j      ->   oo 
<  a 


2  —       —       2 

Moreover,    from   (10)    we   have     T     <(a+bcJ    )/a,    so   that   again 

using   (19)   we  obtain 

_l/2  2 

2      ^     2ha  /a        as     T      — >  oo  . 

f   q   <   e  — 

In  Case    II,    there    is   no  difficulty  because   of  the   factor 
e"   *^' *""  '    in  the   function   q  and  the   inequality   (12)    which  implies 

T2q<2e''^'-^2/l   •    e-2<'l'^l    <^eh/^/2/a  as     T  ^  ->  ^  . 

Finally  in  Case  III,  the  inequality  (21)  yields 

2       T    2 

Cj  q  <  [  2  a  b/ a  -  b  ]  "^as  6J  ->  oo  , 

and  (l5)  and  (21)  imply 

r^q  <  T^[(2  i  b  /  a  -  b)(a/  2  b)  T  ^T^^   <  [a  -  a  b/  2  hf^ 

as  V,   — >  00  • 

2     2      T~  '^-' 
Thus  T  U,  e>^  U  e  Lp  '    for  0  <  y  <  h,  and  consequently 

u(t,x,y)  has  continuous  second  derivatives  with  respect  to  all 

its  arguments.   This  proves  part  (i)  of  the  theorem. 

t  X 
The  uniqueness  of  the  solution  u(t,x,y)  in  L-'    for 

^^  y  ^  ^  follows  from  :  A)  The  classical  theorems  of  ordinary 

differential  equations  -'hich  assure  a  unique  solution  U(  T  ,  ^'^,y) 

to  ik),    (5);  (B)  The  inequality  (17)  which  implies  U(  T  ,  ^,y )  (>  Lg' 


•f  f   ■■!     ^.  r    ....     :   .  , 


ifft>rrrT/ 


bns  p"  ..J    .ie;'  ■ 


o   <— 


\        ftriS^ 


rii. 


+  -  1   > 


^c^^?^  ^,  rfrf^.. 


s\.r 


»  < . 


<  ';s  X  )    '(',  J  I  -I:  f:  up  c:  a  i   c    , 


t;bi;dij   (TS)    v:? 


i  ■■.{.?  "'?V.. 


orfJ 


v:.ri/sfji' 


i     >     r 


...■^X:;:i.  '     (IS)    L;:i^ 


td     S     \C?     j?     -     i: 


T (d  ^  \b) 


(    ■■>      ^      o 


\    -' 


,y;  r^  ■';■"' 


:j.  ;   sjixi: 


.,.S  -., 


:ti'5jijS*i-'^£'g.-i5.5    .r;;' 


\;\ 


-^j:.,  ..!/.; --i J    l;./ 


:o   Rserxoup.' 


•oIXoJ      ■-1  >  '^  >0 


^a  :i  *  ■ 


dolri'.'    (VI>  Y^xlsrypan^   srfT   (a)    v(5'. 


for  0  <  y  <  h   ;    and   (c  )   The   Plaiicherel   theorem  which  then  provides 

t    X 

a  vinique   u(t,x,y)    in  Lp*      ,    for   0  <  y  <  h,    by  means    of    (6). 

Part    (ili)    of   the   theorem  follows   at   once   from  the    inequality 
(17).      In  fact    (denoting  the   L**^     norm  of  f  by    ||f||  ),    if 

llf-ni    <  e  ||g-g*'||    <  e   , 

we  have  from  (17)  through  (21)  9nd  the  Plancherel  theorem  that 

1 

l|u(y)  -  u'''(y)!|<  (c  +  Q)^e 

it 

uniformly  for  0  <  y  <  h,  where  u  ^nd  u  are  the  solutions  to  (1) 

corresponding  to  datn  f,g  and  f  ",g",  respectively,  and 

_l/2 
Q  =  max  ^^  e^  ^  ^   /  a  ,   2e^^  ^^  ,  [a  -  a  b  /2  b]"^]. 

Thus  the  Lipschitz  continuous  dependence  of  the  solution  on  the 
initial  dqta  has  been  established,  and  the  proof  of  Theorem  1  is 
complete* 

"■:-t    -^     ■:,   ■  ,   . 

IV.   DISCUSS lOi'T  AM)  GENERALIZATIONS 
Since  the  assumption  that  t  e:  E^   ^   ,   g  <L  E  Is   the  central 

limitation  of  our  approach,  it  is  natur-^l  to  ask  whether  the 
value  of  a  defined  by  (3)   can  be  improved  (i.e.,  reduced).   This 
amounts  to  considering  the  sharpness  of  the  fundamental  inequality 
(17).   ^'e  claim  that  this  inequality  is  "best"  in  the  sense  that 
it  describes  ex^ictly  the  exponential  growth  of  U  with  \ '-    \    (a  being 
defined  in  (3))  in  the  special  case  when  the  coefficients  a(y), 
b(y)  in  (1)  are  constant.   Indeed,  when  a(y)  =   a,  b(y)  =  b,  we 
have  the  explicit  solution  to  (Ij.),  (5) 

(22)   U(T  ,cJ^y)  =  p(r  ,(.)  cosh  n  y  +  p.'^  G(  '■,.J)  sinh  \i  j , 
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where  p.  =  (bc„'   -  a"  )  •   Since  this  solution  is  uniformly 

2      2 

bounded  in  0  <  y  <  h  'ihen  at"   >  b  ;-'  ,  we  see  that  the  maximum 

growth  occurs  when  u  =  u    =  v/  b  K^  I .   Thus  from  (22)   it  follows 
that  |u(t/-^,y)|^  grows  like  e^^  ^  I  ^  Iy  ^  f^j,   larg©  |  C-^  |  .   But 

computing  a  from  (3)  yields 

1 
a  =  h  [2ab/a-b]^  =  h  l/b" 

i-.'hich  on  substitution  in  (17)  gives  the  identical  rate  of  growth. 

Note,  however,  that  the  constant  c  and  the  function  q  in  (17) 
are  not  in  general  the  sharpest  possible.   This  arises  from  our 
use  of  the  energy  inequality  (9)  in  three  different  forms,  which 
in  turn  is  motivated  by  the  need  to  obtain  a  single  inequality 

of  the  form  (17)  valid  for  all  values  of  p,  including  those  near 

2  -1 

zero  (e.g.  consider  (22),  where  p  =  -|j,  and  the  f^^ctor  \i       occurs). 

As  in  P«»rt  I(see  Ref.  [1],  Theorem  2)  the  above  methods 

readily  generalize  to  the  treatment  of  timelike  initial  value 

problems  for  the  ultra-hyperbolic  equation 

m  n 

fl,  ^(y)  ^t.t.  =  E  bj(y)u     -^u   ,  a   b  >  0. 

i=l       1  1   j=l  ''  y    3 

In  fact,  the  previous  arguments  can  be  repeated  exactly  if  one 

reinterprets  appropriate  symbols  in  vector  form.   For  example, 

r=  (r^,  r^,  ,..,  rj 


a  =  max   ;  a  (y),  a  (y),...,  a  (y)j 
0<y<h  ^     ^       .  , 
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Since  a  very  general  cIpss  of  second  order,  homogeneous,  non- 
parabolic  differential  equations  with  constant  coefficients  can 
be  written  in  the  form  (23)  (see  Ref  [2],    pages  l80-l8[|.  and  7kk- 
Ik-S) ,    our  results  ( snd  those  of  Part  I)  also  hold  for  this  class 
of  problems.   Thus,  in  particular.  Theorem  1  covers  a  classical 
case  of  improperness,  the  Cauchy  problem  for  homogeneous,  second 
order  elliptic  equations  \-ilth   constant  coefficients. 

I'e  may  inquire,  just  as  in  Part  I  (see  Section  IV  of  Ref  [1]), 
whether  it  is  possible  in  treating  the  system  (1),  (2)  to  eliminate 
the  requirement  th^t  the  initial  data  f,g  belong  to  Lp  with  respect 
to  t  and  still  obtain  essentially  the  same  results  described  in 

Theorem  1.   Although  this  can  be  done,  using  integral  equation 

[3] 
methods  of  Courant  and  Lax,     when  f  and  g  are  assumed  to  be   x- 

bandlimited,  the  same  methods  fail  under  the  less  stringent  assump- 
tions of  the  present  work  (i.e.  :  f  c?  Ep  o  »  B  ^  ^^   3^)*   The  dif- 
ficulty arises  from  the  necessity,  when  applying  the  Courant-Lax 
techniques,  of  assuming  a  uniform  Lipschitz  condition  for  the 
coefficients  of  the  partial  differential  equation  obtained  by 

taking  Fourier  transforms  in  (1)  with  respect  to  x  only.   Since 

2 
one  of  these  coefficients  is  directly  proportional  to  c^  ,  a 

uniform  Lipschitz  condition  is  obt=iined  in  the  bandlimited  case 

(when  it  can  be  assumed  that  |c./'|  <  ;:.--   =  constant)  but  not  In  the 

present  situation  where  arbitrarily  large  values  of  \  ^^  \    are 

allowed. 

Finally  we  remark  that  the  class  of  non-linear  problems 

treated  in  [I;]  can  be  successfully  handled  within  the  more  general 
framework  of  the  present  approach.   Details  will  be  given  in  a 

future  paper. 

J.M.  Zimmerman 
May  31,  1962 
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